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ABSTRACT

In this paper we present a new design for Binary Linear block Code (BLBC) for Hadamard
rhotrix and its sub rhotrices constructed from special Type of Mn-Matrix, N-matrix. Hadamard
rhotrix of order 9 and its sub rhotrics of order 7,5,3 is used to explained our design as well theorem
is given for this design to the Binary Linear Block code (BLBC) with proofs.
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1. INTRODUCTION

Hadamard matrices have wide applications in image analysis, signal processing, coding theory,
cryptology and combinatorial designs. The codes generated from Hadamard matrices are of much importance due
to the large distance between them. These codes can correct large number of errors and are essential components
of the study in communication channels. Rhotrix is a new concept for mathematical enrichment introduced in
2003 [1] with objects that are placed in between 2 x 2 and 3x 3 matrices. The properties of rhotrices are studied
in [2-9] the construction of MDS matrices given in [10-12], Secure communication through RSA given in [13]
The construction of MDS rhotrices given in [14-18]. Decompostion and factorization of vandermonde rhotices
given in [19,20]. Natrural and even dimensional rhotrices define in [21,22], Sylvester rhotrices over finite field
[23], Circulant rhotrices given in [24] and a Hadamarad Matrix over finite field is defined in [25]. M,-Matrix and
used it for constructing matrices with £1 elements defined in [26]. Hadamard rhotrices were used in construct of
Balanced Incomplete Block Design (BIBD) [27-28]. Rhotirces and the construction of finite field given in [25].
Hadamard code is defined in [29].Vasic and Milenkovic [30] gave a method of construction of Low-Density
parity check (LDPC) codes.

1.1 Hadamard Matrix.
A Hadamard matrix is defined as square matrix with entries +1 satisfying HH™ = nl o - This Hadamard matrix

has unique property called orthogonality property which means the inner product of any two rows or columns are
always zero.

1 1 11
Example: | _ 11 -11
-1 -1 11
1 -1 -11

1.2 Rhotrix and Hadamard rhotrix.

Rhotrix is a mathematical object which is in some way between 2x 2 - dimensional and3%x3 -
dimensional matrices. A rhotrix of dimension 3 is defined as
a
Ri=(a a a,

% (1)

where 8,,8,,3,,8,,3; €R.

Hadamard rhotrix over finite field is defined in [25]. A rhotrix R, is Hadamard rhotrix over GF(2) if and
only if there exist two coupled square matrices ehose rows are orthogonal to each other. Also, it is established that
a rhotrix R, of order n>3 is Hadamard if and only if the sub rhotrices of R, given by Rn.p+2), P=1,2, 3...... are
Hadamard over GF(2) [31]. Construction of Hadamard rhotix of order 9 using specilal type of M,-matrices given
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in [32].
The Hadamard rhotrix of order n is defined as
ay,
a’il aZl a’lZ
a41 a32 aZZ
8421 . . . . . A
RHn = T Ay Q22 . . . A0 Qna a,
ad,z aufi‘z . . N aA.nfl a’&,n
aufz,n—l N adfz,n
ad.nfl adfl.nfl ad*Z‘n
@)
The coupled matrices of equation (2) are:
a;, &, . . : a,
QG Ap . . : a,
(2.1)
M, =
|81 84 |
a'21 aZZ ' ‘ ' a'Z‘n—l
3’31 a'32 . . ' aA n-1
‘ (2.2)
M, =
_anfm P ' ' ad—l,nfl_

1.3 Mnh-matrices

The Mn-matrices are constructed from the formula M» = (@ ®@did)modn o, o irable defining and ® .
There are three of Mn- matrices are introduced.

Type | matrix- When ‘n’ is a prime as M- matrix (a;) is defined as a matrix obtained from 1+[(i-1)(j-
1)jmod n, i,j=1,2,3...... n. In the resulting matrix retain 1 as it is, substitute +1 for even numbers and -1 for odd
numbers. This is nxn symmetric matrix with entries £1.

Type Il matrix- M, matrix (a;) is obtained by equation a;=(i,j)mod(n+1), where (n+1) is prime and
i,j=1,2,3...... n. In the resulting matrix substitute +1 for even numbers and -1 for odd numbers. Also change all
+1’s and -1’s. Each row (column) consists of an equal number of +1’s and -1’s This is also nxn symmetric matrix
with entries 1.

Type Il matrix- My- matrix (a;) is obtained by equation a;=(i+j) mod n, wheren is any integer and
i,j=1,2,3...... n. In this matrix each row (column) has ‘n’ elements. In the resulting matrix substitute +1 for even
numbers and -1 for odd numbers and change +1 to -1 or substitute -1 for even numbers, 1 for odd numbers and
retain +1 as itself.

Type IV matrix or Ni-matrix- A matrix obtained by the equation (a;j)=(i+j) mod HTH,Where ‘n’ is odd
number. Each row (column) of the matrix so obtained has ‘n’elements and every row (column) has elements

n+1 - n+1 . . . R . n+1 .
- The off-diagonal elements are always — and the matrix obtained is a symmetric matrix. If - is
odd then the resulting matrix, substitute +1 for odd numbers, -1 for even numbers and change +1 to -1. Then
change all the -1’s to zeros so that the resultant matrix is Hadamard over (GF(2).

Remark- If any matrix obtained by the equation (a;;)=(i+j)mod r’T“,where ‘n’ is odd number and %1 is
even then we fail to define Ni-matrix.

Type V matrix or N2-matrix-A matrix obtained by equation (a;;)=(i+j)mod nT_l where ‘n’ is odd number.

If nT_l is even and ‘n’ is non-prime then the resulting matrix, substitute +1 for odd numbers, -1 for even numbers

and change +1 to -1. If nT_l is odd or n is prime, then the resulting matrix, substitute +1 for odd numbers, -1 for

even numbers and retain 1 as 1 itself. Finally change all the -1’s to zeros. In both the cases the resultant matrix so
obtained will be a Hadamard matrix over (GF(2).

Remark-To construct a Hadamard matrix Hm of order m=2p where p=2,3,4,...... we use the N,-matrix for
n=m+1 then from the resultant matrix delete (n-m) rows and columns. Similarly if Hn is of order m=2p+1, use
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the No-matrix for odd p and Ni-matrix for even values of p. If No-matrix is used, then let n=m+2 and from the
resultant matrix delete (n-m) rows and columns. For example to construct He, we taken n=7 and use N.-matrix.
From the resultant delete 1 row and 1 column (n-m=7-6=1). To construct Hy, take n=9 and after constructing N-
matrix, delete (n-m=9-7=2) rows and columns.

1.4 Binary Linear Block Code
An (r,s ) binary linear block code is a s-dimensional subspace of the r-dimensional vector space

P, ={c=(c,,C,,...C,, 1 Vc;,¢; {0, =GF(2)};r is called the length of the code, s th dimension.

A binary block code C(r,s) of length r and r=2% codewords is called linear block code if its 2° codeword’s form a
s-dimensional subspace of vector space P, of r-tuples over the field GF(2)={0,1} .

1.5 Generator for Binary Linear Block Code
An (r,s) BLBC can be specified by any set of s linear independent codeword (C,,C,,...,C, ). If we

arrange the s code words in to S*r matrix G, G is called a generator matrix for code C.
If 1=(uo, Uz Uz ......us.5ywhere Ij € GF(2), then c= (co, €1 C2 ......Cr-1)=IG.

1.6 Parity Check Matrix
Let G=[Is:A]. Since cP'=IGP'=0, GP 'must be 0. If P=[A%l.s]. Then GP'=0sx), thus the above P is
called the parity check matrix.

1.7 Hamming Distance
The Hamming distance between two codeword’s ¢ and z is defined as d(c,z)= the number of components
in which c and z are differ.

1.8 Minimum Distance
The minimum distance dmin Of & binary code C, is the smallest distance between two distinct code word:
dmin =min{ du(c,2)/ c,z€C, c# z}.

Error Detection- A binary linear block code with minimum distance dmin can detect all error patterns of
weight less than or equal to dmin = s+1, where s is called the error detection capability of a code C.

Error Correction- A binary linear block code with minimum distance dmin can correct all error patterns
of weight less than or equal to dmin = 2t+1, where t is called the error correction capability of a code C.

2. MAIN RESULTS

Theorem 2.1 A binary code c can detect up to s- error in any code word iff dgy = s+1.

Theorem 2.2 A binary code c can correct up to t- error in any code word iff dgy = 2t+1.

Theorem 2.3 All the binary block code which generating by coupled matrices of Hadamard rhotrix of order 3,5,7
respectively are linear having one bit error detection and zero error correction.

Proof:

Consider the binary code C which generating by coupled matrices of Hadamard rhotrix of order .We need to show

that : V code words x,y € C and every scalar 3 {0,1}, it holds that : x+y e C ,and B X € C. However,

this follows immediately from X+ Yy =z € C, z is linear combination of x and y and 3"X belongs to C, Since :

Case(1): f=0,then, f*x=0*x=0¢eC.

Case(2). B =1,then, 1*x=1*x=x€C.

Theorem 2. 4. The binary block code which generating by coupled matrices of Hadamard rhotrix of order 9 are
linear having two bit error detection, one bit error correction for first matrix and one bit error detection and zero
error correction for second matrix.
Lemma (1): For all binary block code C which generated by coupled matrices of Hadamard rhotrices generated
from M- Matrices of order 3,5,7,9 respectively, are contains the zero code word 0 .
Proof:
The proof of this lemma based upon general case Let x be a code word in C. Since C is a Linear block code then
by using theorem 3 then x+x=0.
Lemma (2) : The minimum Hamming distance of code C in our design is 3 and 4.
Proof:
The parity check matrices H; and H, for the code C have columns which are all hon zero and no two of which are
the same. Hence C code can correct single error. By theorem (1) can correct 1-errror, as well as, we conclude that
the minimum Hamming distance of C code is at least 3 or 4.
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3. DESCRIPTION OF DESIGN FOR HADAMARD RHOTRICES CONSTRUCTED FROM Mn -
MATRICES

Consider the Hadamard rhotrix RH, of order n with their coupled matrices M; and My, then, we will have
two generating matrices of the form; G1=[l1: Mi]and G2=[l.: M2], where l1and I, are identity matrices their orders
dependent on the order of My and M, respectively with their parity check matrices of the form : P1=[ M;" I;]and
P.=[ M2%: I2],. Also the code words can be represented by ¢;=IG; and c,=mG; , where | and me GF(2) and their
length dependent on the orders of P1 and P, respectively.

Example (1): Binary linear Block code C based on RHg For the code C in ¢1=IG1, we have r=32,5=5, and (
c2=mGy), we have r=16,5=4.

Let RHq be a Hadamard rhotrix of order 9 defined as using special type of M, matrix defined as

1

010
00000
1111111
RH,=( 0 0 0000000
1101010
00101
010
! (©)
The coupled matrices in RHg are :
10010
00100
M;={0 1 00 1
10010
01001 (3.1)
1010
0101
M, =
1010
0101 (3.2)
Having order 5 and 4 respectively.
Table (1) Binary linear Block code C based on RH For the code C in ¢;=IG;, we have r=32,5=5, and ( c,=mG,), we have r=16,5=4.
Code words (C) Omin | dmin 2 2t+1 | dmin = S+1
01:|G1 {0000000000, 0000101001, 0001111001, 0011110010, 0111110110, 1000010010, 1100010110, 1110010110, 2 0 1
1111001101, 1011100000, 1001101001, 1101101101, 1100111111, 1010110010, 1000111011, 1001000000,
0010001001, 0110001101, 0111011111, 0111011111, 1010011011, 0010100000, 0101010110, 0001010010,
0010001001, 0100000100, 0001010010, 0110100100, 0011011011, 0100101101, 0101111111, 11111001000}
c.=mG | {00000000.00010101,00101010,01000101,10001010,0011111,01111010 | 2 0 1
2 ,01010000,101000000,01100000,100111111,11100101,11001111,10110
101,11011010,11110000}
Example (2): Binary linear Block code C based on RH; For the code C in  (¢c1=IG31, we have r=16,s=4, and
(c2=mG), we have r=8,5=3.
Let RH; be a Hadamard rhotrix of order 7 defined as using special type of M, matrix defined as
1
000
00010
RH,=( 1110100
00010
000
! (4)
1001 (4.1)
0010
M, =
0100
1001
010 (4.2)
M,=0 0 1
100
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Having order 4 and 3 respectively.

Table (2) Binary linear Block code C based on RH; For the code C in_ (¢c,=IG;, we have r=16,5=4

and (c,.=mGy,), we have r=8,5=3.

Code words (C) Omin | dmin = 2t+1 | dmin 2> s+1
C1= I Gl {0000000,00011001,00100100,01100110,10010000,11101111,10001001,11001010,01111111,001111 2 0 1
01,01000010,01011011,10101101,11010010,10110100,11110110}
C2=mG; |{01000010,01011011,10101101,11010010,10110100,11110110} 2 0 1

Example (3): Binary linear Block code C based on RHs for the code C in ( ¢1=IG;), we have r=8,5=3, and

(c2=mGy), we have r=4,s=2.

Let RHs be a hadamard rhotrix of order 5 defined as using special type of M, matrix defined as

0
101
RH,=( 0 1 0 1
000
1
()
010
M,=[1 0 O
0 01 (5.1)
01
Mo=11 0
(5.2)
Having order 3 and 2 respectively.
Table (3) Binary linear Block code C based on RHs for the code C in ( ¢;=IG,), we have r=8,5=3, and (c,=mG,), we have r=4,s=2.
Code words (C) Omin | dmin = 2t+1 | dmin = S+1
c1=1Gy {000000,001001,010100,011101,100010,101011,110110,111221} | 2 | O 1
c,=mG, | {0000,0110,1001],1111} 2 |0 1
Example (4): Binary linear Block code C based on RHs for the code C in ¢1=1G1), we have r=4,5=2.
Let RHs be a hadamard rhotrix of order 3 defined as using special type of M, matrix defined as
0
RH,=(1 0 1
0
(6)
01
M=y o
(6.1)
M, =0
2 [ ] (6.2)
Having order 2 and 1 respectively.
Table (4) Binary linear Block code C based on RH; For the code C in ¢;=IG;), we have r=4,5s=2.
Code words (C) Amin Amin = 2t+1 | dmin = S+1
01=|G1 {0000,0110,1001,1111} 2 () 1
C2=mG, {0} 0 0 0

4. CONCLUSION

In the present paper, we have introduced design of binary linear block code for Hadamard rhotrix and its
sub rhotrices constructed from special type of My-Matrix. Since this code can correct single error, then the binary
linear block code is belonging to error-correcting code which has useful application in communication system.
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